In this paper we create many examples of hyperbolic groups with subgroups satisfying interesting finiteness properties. We give the first examples of subgroups of hyperbolic groups which are of type F P2 but not finitely presented. We give uncountably many groups of type F P2 with similar properties to those subgroups of hyperbolic groups. Along the way we create more subgroups of hyperbolic groups which are finitely presented but not of type F P3.
Introduction
Given a class of groups C it is natural to ask what finitely generated subgroups of C-groups are like. One may hope that these are already C-groups as is the case for the classes of free groups, surface groups and 3-manifold groups. One can also ask if groups in the class are coherent, i.e. every finitely generated subgroup is finitely presented. For the class of Artin groups, coherency fails [1] and the subgroups form an interesting class [16] .
A very well studied class of interest in geometric group theory is the class of hyperbolic groups. For special subclasses of hyperbolic groups we obtain no new information. However, in [14] it is shown that there are finitely generated subgroups of hyperbolic groups which are not finitely presented and therefore not hyperbolic. One could then ask if finitely presented subgroups behave in a nicer way although this is shown to not be the case [2, 9, 13] .
Finite generation was not enough to guarantee that subgroups were finitely presented. One could look for a stronger property between finite generation and finite presentability. One such property is being of type F P 2 . For simplicity, in this paper we shall only consider type F P 2 over Z. Definition 1.1. A group G is of type F P 2 if there is a partial resolution
where each P i is a finitely generated projective ZG module. One can think of this as a homological version of finite presentability. Indeed, it is equivalent to finite generation of the relation module. Until [1] it was unknown whether being of type F P 2 was equivalent to finite presentation. It was shown that in subgroups of RAAGs one could obtain groups which were of type F P 2 but not finitely presented.
One can attempt to find such groups inside hyperbolic groups. A result showing this may not be possible is the following Theorem 1.2. [7] Let G be a hyperbolic group of cohomological dimension 2. If H ă G is of type F P 2 , then H is hyperbolic. In particular, H is finitely presented.
In this paper we show that this phenomenon is special to cohomological dimension 2. We find hyperbolic groups of cohomological dimension 3 containing subgroups which are of type F P 2 but not finitely presented. Namely, we prove the following.
Theorem A. There exists a hyperbolic group G and a homomorphism φ : G Ñ Z such that kerpφq is of type F P 2 but not finitely presented.
It should be noted that the subgroups constructed here are not of type F P 3 . We leave the following as an open question. Question 1. Let n ą 2 be an integer or 8. Is there a subgroup of a hyperbolic group which is of type F P n but is not finitely presented?
One could attempt this problem in reverse, i.e. one could look for groups which have interesting properties and attempt to embed them in hyperbolic groups. To do this one would need to start with a full list of obstructions to embedding in a hyperbolic group. For instance, subgroups of hyperbolic groups cannot contain Baumslag-Solitar groups or infinite torsion groups. Definition 1.3. Let m, n be non-zero integers. The Baumslag-Solitar group is defined by the presentation BSpm, nq " xx, y | y´1x m y " x n y.
We see that BSp1, 1q is isomorphic to Z 2 . Using techniques from [12] we construct uncountably many groups which do not contain BSpm, nq for any m, n.
Theorem B. There are uncountably many groups which are of type F P 2 which do not contain any subgroups isomorphic to BSpm, nq.
These groups are created by using a specific group H constructed for the proof of Theorem A. This group is finitely generated but infinitely presented and has a presentation of the form xS | U y, where S is finite and U is infinite. To each Z Ă U we associate the group HpZq " xS | Zy. We show that for each Z 1 Ă U there are only countably many groups HpZq which are isomorphic to HpZ 1 q. We show that among these isomorphism classes uncountably many are of type F P 2 .
Only countably many of the above groups can be embedded into finitely presented groups, hence only countably many can be embedded into hyperbolic groups. However, these groups contain none of the above mentioned obstructions.
Question 2. Which of the groups HpZq embed into hyperbolic groups?
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Preliminaries

CAT(0) Cube Complexes
Here we discuss the cube complexes we are interested in. For full details on cube complexes see [15] .
We use the construction from [11] . In [11] , cube complexes are constructed using two flag complexes Γ A and Γ B with n-partite structures.
Definition 2.1. An n-partite struture on a flag complex L is a partition of the vertices of L into sets V 1 , . . . , V n such that the natural map V pLq Ñ V 1˚¨¨¨˚Vn extends to an embedding of L Ñ V 1˚¨¨¨˚Vn .
A flag complex with a n-partite structure has dimension at most n´1. For n " 2 we recover the definition of a bipartite graph. In this paper, we will focus on the case n " 3 when the structure is tripartite. In this case, we give an account of the required material from [11] .
Let Γ A Ă A 1˚A2˚A3 and Γ B Ă B 1˚B2˚B3 be flag complexes with tripartite structures. Set K equal to the CAT(0) cube complex ś 3 i"1 A i˚Bi . Given a vertex v " pv 1 , v 2 , v 3 q P K we can assign two sets, ∆ A " tv i P A i u and ∆ B " tv i P B i u. Let
We define X Γ A ,Γ B to be the maximal subcomplex of K with vertex set V . The following can be found in [11] .
Lemma 2.2. The link of the vertex pv 1 , v 2 , v 3 q in X Γ A ,Γ B is the join of the links of ∆ A and ∆ B i.e.
Since links of simplices in a flag complex are flag complexes and the join of two flag complexes is a flag complex. Lemma 2.2 shows that the link of a vertex in X Γ A ,Γ B is a flag complex and we obtain the following. Corollary 2.3. X Γ A ,Γ B is a non-positively curved cube complex.
These complexes form the base of our construction. We take branched covers to eliminate any isometrically embedded flat planes. To show that there are no flat planes in the universal cover, another idea from [11] is used, namely the fly map.
A choice of n directions on a CAT(0) cube complex X is a partition of the hyperplanes into sets H 1 \¨¨¨\ H n such that no two hyperplanes in H i cross.
Given a CAT(0) cube complex X with n-directions there is an 1 -embedding ι : X Ñ ś n i"1 T j where T j is a tree (cf. Proposition 5.5 in [11] ). In the case that X " X Γ A ,Γ B as above we can take n " 3. Using this embedding we can get the fly map defined in [11] as follows.
Definition 2.4 (Definition 5.10 [11] ). Let i : E 2 ãÑ X be an isometrically embedded flat and for every j " 1, . . . , 3 let L j Ď T j be a geodesic containing
pyq˘where the maps f x j : T j Ñ R are cubical maps that restrict to isometries on L j and on every ray emanating from p j pxq P T j .
The key uses of this definition are the following propositions.
Proposition 2.5 (Proposition 5.11 [11] ). Let N`ipE k q˘Ď X be the smallest subcomplex of X containing ipE k q, then any fly map f x restricts to a cubical
Corollary 2.6 (Corollary 5.12 [11] ). A fly map f x induces for every cube c P N`ipE k q˘an embedding Lk`c, N`ipE k q˘˘Ñ S 0˚¨¨¨˚S0 .
Fly maps allow us to better understand flat planes in CAT(0) cube complexes. Bridson's flat plane theorem shows that these flat planes are the only obstruction to hyperbolicity: Theorem 2.7. [3] A compact CAT(0) space X has hyperbolic fundamental group if and only if there are no isometric embeddings of E 2 toX.
Branched Covers
To obtain hyperbolic cube complexes, we begin with a cube complex containing flat planes and take branched covers. In the setting of CAT(0) cube complexes this was achieved by Brady [2] and used to create subgroups of hyperbolic groups with interesting finiteness properties. It has also been used in [8, 9] to create other groups with interesting finiteness properties.
Definition 2.8. A branching locus L in a non-positively curved cube complex K is a subcomplex satisfying the following two conditions.
• L is a locally isometrically embedded subcomplex of K.
• Lkpc, Kq Lkpc, Lq is non-empty and connected for all cubes c P L.
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The first condition is required to prove that non-positive curvature is preserved when taking branched covers. The second is a reformulation of the classical requirement that the branching locus has codimension 2 in the theory of branched covers of manifolds; it ensures that the trivial branched covering of K is K. Definition 2.9. A branched cover p K of a non-positively curved cube complex K over the branching locus L is the result of the following process.
2. Lift the piecewise Euclidean metric locally and consider the induced path metric on K L.
We require two key results from [2] . 
Bestvina-Brady Morse theory
While Bestvina-Brady Morse theory is defined in the more general setting of affine cell complexes, we shall restrict to the case of CAT(0) cube complexes.
For the remainder of this section, let X be a CAT(0) cube complex and let G be a group which acts freely, cellularly, properly and cocompactly on X. Let φ : G Ñ Z be a homomorphism and let Z act on R by translations.
Let χ c be the characteristic map of the cube c.
Definition 2.12. We say that a function f : X Ñ R is a φ-equivariant Morse function if it satisfies the following 3 conditions.
• For every cube c Ă X of dimension n, the map f χ c : r0, 1s n Ñ R extends to an affine map R n Ñ R and f χ c : r0, 1s n Ñ R is constant if and only if n " 0.
• The image of the 0-skeleton of X is discrete in R.
• f is φ-equivariant, i.e. f pg¨xq " φpgq¨f pxq.
Definition 2.13. For a non-empty closed subset I Ă R we denote by X I the preimage of I. The sets X I are known as level sets. Also for any real number t we simply write X t for X ttu .
The kernel H of φ acts on the cube complex X preserving each level set X I . The topological properties of the level sets allow us to gain information about the finiteness properties of the kernel. We need to examine the topology of the level sets and how they vary as we pass to larger level sets. 1 Ă R are connected and X I 1 X I contains no vertices of X, then the inclusion X I ãÑ X I 1 is a homotopy equivalence.
If X I 1 X I contains vertices of X, then the topological properties of X I 1 can be very different from those of X I . This difference is encoded in the ascending and descending links.
Definition 2.15. The ascending link of a vertex is
Lk Ò pv, Xq " Ť tLkpw, cq | χ c pwq " v and w is a minimum of f χ c u Ă Lkpv, Xq.
The descending link of a vertex is Lk Ó pv, Xq " Ť tLkpw, cq | χ c pwq " v and w is a maximum of f χ c u Ă Lkpv, Xq. Suppose that I Ă I 1 Ă R are connected and closed with min I " min I 1 (resp. max I " max I 1 q, and assume I 1 I contains only one point r of f`X p0q˘. Then X I 1 is homotopy equivalent to the space obtained from X I by coning off the descending (resp. ascending) links of v for each v P f´1prq.
We can now deduce a lot about the topology of the level sets. We know how they change as we pass to larger intervals and so we have the following.
Corollary 2.17 (Bestvina-Brady, [1], Corollary 2.6). Let I, I
1 be as above.
1. If each ascending and descending link is homologically pn´1q-connected, then the inclusion X I ãÑ X I 1 induces an isomorphism on H i for i ď n´1 and is surjective for i " n.
2. If the ascending and descending links are connected, then the inclusion X I ãÑ X I 1 induces a surjection on π 1 .
3. If the ascending and descending links are simply connected, then the inclusion X I ãÑ X I 1 induces an isomorphism on π 1 .
Knowing that the direct limit of this system is a contractible space allows us to compute the finiteness properties of the kernel of φ. We would also like to have conditions which allow us to deduce that H does not satisfy certain other finiteness properties. A well known result in this direction is: Proposition 2.19 (Brown, [5] , p. 193). Let H be a group acting freely, properly, cellularly and cocompactly on a cell complex X. Assume further that r H i pX, Zq " 0 for 0 ď i ď n´1 and that r H n pX, Zq is not finitely generated as a ZH-module. Then H is of type F P n but not F P n`1 .
In [2] , the above result was used to prove that a certain group is not of type F P 3 . The following is a rephrasing of the argument in [6] .
Lemma 2.20. Let f be a Morse function. Assume all ascending and descending links are connected. Assume further that there is a vertex v such that the Lkpv, Xq retracts onto Lk Ò pv, Xq and π 1 pLk Ò pv, Xqq ‰ 0. Then H " kerpφq is not finitely presented.
Proof. Assume that H is finitely presented. By Corollary 2.17, the level set X 0 is connected, so there are finitely many H orbits of loops which generate π 1 pX 0 q. We can find an interval I such that each of these loops is trivial in X I . Once again by Corollary 2.17 we see that that the inclusion X 0 Ñ X I induces a surjection on fundamental groups. However, this map is also trivial. Thus X I is simply connected.
Let l be such that I Ă r´l, ls. Let k ă´l be such that there is a vertex v with f pvq " k and π 1 pLk Ò pv, Xqq ‰ 0. Let L " r´k` , ls, since this contains J and the maps on fundamental groups are surjective we see that π 1 pX L q " 0. There is a retraction of X tvu onto Lkpv, Xq which further retracts onto the space Lk Ò pv, Xq. Restricting this retraction to X L Ă X tvu we get a retraction from X L Ñ Lk Ò pv, Xq. This gives a surjection π 1 pX L q Ñ π 1 pLk Ò pv, Xqq. However π 1 pLk Ò pv, Xqq is non trivial by assumption giving the required contradiction.
Main Construction
We detail a construction of several new hyperbolic groups which have subgroups with interesting finiteness properties. These examples come in two flavours; we can construct groups of type F 2 not F 3 giving more examples similar to those in [2, 9, 13] . We also give the first construction of groups of type F P 2 which are not finitely presented that are contained in hyperbolic groups.
We only detail the construction of groups of type F P 2 not F 2 . To create groups which are of type F 2 not F 3 one should construct Γ B by starting with a simply connected complex L satisfying all other conditions. One also requires the stated strengthening of Lemma 3.5. The proof then runs in exactly the same way however SpL 1 q will be simply connected throughout. We build the hyperbolic groups by taking appropriate branched covers of X Γ A ,Γ B . As such we must begin by describing the flag complexes Γ A and Γ B .
Let V n be a discrete set with n points. Set Γ A " V 4˚V4˚V4 which is a join of discrete sets.
Remark 3.1. We take V 4 for concreteness and this construction works for V n as long as n ě 4. We shall not give the proof in this general case as it obfuscates some details.
The complex Γ B is a little more delicate and the procedure for obtaining it is described below.
, where the equivalence relations " is generated by the inclusions S τ Ñ S σ . It is proved in [1] that if L is a flag complex, then SpLq is a flag complex. Definition 3.4. A connected simplicial complex L has no local cut points, abbreviated to nlcp, if Lkpv, Lq is connected and not equal to a point for all vertices v P L.
The following lemma can be found in [10, 12] .
Remark 3.6. For the F 2 not F 3 case of the main theorem a stronger version of this theorem is required. Namely, using the argument proving Lemma 6.2 of [10] , one can show that in the above case if π 1 pLq " 0, then π 1 pSpLqq " 0.
Given a connected simplicial complex L, there is a homotopy equivalent complex K such that the link of every vertex of K is connected and not a point. One way of obtaining such a complex is to take the mapping cylinder of the inclusion of the 1-skeleton. For details see [12] .
Remark 3.7. Given a tripartite complex L, there is a natural tripartite structure on SpLq.
We are now ready to define the tripartite complex Γ B . Given a simplicial complex L, let L 1 denote the barycentric subdivision of L. Let L be a 2-dimensional simplicial complex such that the link of every vertex is connected and not a point. Let Γ B " SpSpL 1 qq. Note that L 1 has a natural tripartite structure coming from the dimension of the cells in L for which the vertex is a barycenter.
Before moving on it will be useful to understand the links of vertices in
The vertices in X Γ A ,Γ B are of the form pv 1 , v 2 , v 3 q where
The first case is that of a vertex of the form pa 1 , a 2 , a 3 q we obtain the following,
We now examine the intermediate vertices. For vertex of the form pa 1 , b 2 , b 3 q we have the following
By retracting onto L 1 we can see that Lkprb 2 , b 3 s,
Considering a vertex of the form pb 1 , b 2 , a 3 q, we have
We can still retract to show that Lkprb 1 , b 2 s, Γ B q " SpSpLkprb 1 , b 2 s, L 1, the latter is a discrete set and is non-empty since L 1 has nlcp. Thus,
where the n depends on the vertices b 1 and b 2 . For a vertex of the form pa 1 , a 2 , b 3 q we obtain that
Since b 3 is the barycenter of a 2-cell, we obtain that Lkpb 3 , L 1 q " where is a copy of S 1 triangulated with 6 vertices. Thus,
For a vertex of the form pa 1 , b 2 , a 3 q we similarly obtain that
In this case b 2 is the barycenter of a 1-cell and thus Lkpb 2 , L 1 q " V n˚S 0 . Since L 1 has nlcp we see that n ě 1 and depends on the chosen vertex b 2 . Finally a vertex of the form pb 1 , a 2 , a 3 q has link
The vertex b 1 is a vertex of the original complex L and thus Lkpb 1 , L 1 q "
These links are summarised in table 1.
The Morse theory
To define a Morse function on the complex X Γ A ,Γ B we begin by defining a Morse function on each of the graphs A i˚Bi . We do this by putting an orientation on each edge. Given Γ A , Γ B as above consider the cube complex X Γ A ,Γ B . This is naturally contained in X "
There is a bipartion of the sets B i , into Bì , Bí , extending the natural bipartition of S 0 . Take any bipartition of A i " Aì \ Aí such that |Aì | " 2.
Let v P A i be a vertex and w P B i be a vertex.
Vertex of X Γ A ,Γ B 
Link of the vertex in X Γ
is a copy of S 1 triangulated with six vertices. It should be noted that, since L has nlcp, the graph Λ is connected and V n contains at least one point.
• Orient the edge from v to w if v P Aì and w P Bì or if v P Aí and w P Bí .
• Orient the edge from w to v if v P Aì and w P Bí or if v P Aí and w P Bì .
We can then use this to define a Morse function on X and restricting this we get a Morse function f on X Γ A ,Γ B .
The ascending (resp. descending) link is the full subcomplex of the link spanned by vertices corresponding to those edges oriented toward (resp. away from) the vertex. Let a 1 P A i and b i P B i . An edge emananting from the vertex pv 1 , v 2 , v 3 q correspond to changing a coordinate of the form a i to a coordiante of the form b i or vice versa.
In the case that the coordinate a i was in Aì , the outgoing edges correspond to Bì , similarly if a i P Aí , then the outgoing edges correspond to Bí .
The ascending and descending links are the full subcomplexes of the link spanned by vertices corresponding to edges oriented towards or away from the vertex respectively. The ascending and descending links for this Morse function are in Table 2 .
Vertex
Ascending Link/Descending link pa 1 , a 2 , a 3 q We can see that the ascending and descending links of f are simply connected with the exception of SpL 1 q, cf. Table ? ?.
The branched cover
We are now ready to take the branched cover of X Γ A ,Γ B we are interested in. Consider the subcomplex Z of
We take as our branching locus Y " Z Ş X Γ A ,Γ B . Since the link of each vertex in X Γ A ,Γ B is tripartite, there is an embedding Lkpv, X Γ A ,Γ B q Ñ C 1˚C2˚C3 . Considering each of the complexes with the CAT(1) metric this map is distance non-decreasing. The vertices corresponding to the branching locus Y form one of the sets C i . The distance between any two point in C i is π in C 1˚C2˚C3 . Thus the distance is at least π in Lkpv, X Γ A ,Γ B q. Thus the subcomplex Y is locally isometrically embedded.
The complex L had no local cut points. Thus L 1 also has no local cut points. We see that Lkpe, X Γ A ,Γ B q Lkpe, Y q is connected as removing a discrete set from a space with no local cut points preserves connectivity.
To take a branched cover we use a similar procedure to that detailed in [2, 10] . Start by projecting to 2-dimensional complexes. These are the complexes X Γ A ij ,Γ B ij pA iˆBj q for pi, jq P tp1, 2q, p2, 3q, p3, 1qu. These are restrictions of projections ρ k : ś 3 l"1 A l˚Bl Ñ pA i˚Bi qˆpA j˚Bj q projecting away from the k-th coordinate.
Each of these complexes deformation retracts onto a graph Λ ij . Indeed each square has exactly one corner in A iˆBj and we can project out radially from this corner. This graph can be seen as a subgraph of Ξ ij "`pA i˚Bi qˆB j˘Y`Aiˆp A j˚Bj q˘.
Let q ij be a prime to be determined later. Let α ij be a permutation of order q ij and β be a permutation such that α β " α l where l is a generator of Zq
q , this is a non-trivial power of α if 0 ă a ă q ij and 0 ă b ă q ij´1 and is hence an element of order q ij .
We define a homomorphism φ ij : π 1 pΛ ij q Ñ S qij by labelling the graph Ξ ij with elements of S qij . We label the edges of A i˚BiˆBj by powers of α such that no two edges oriented towards a vertex have the same label. We label the edges of A iˆAj˚Bj by powers of β with the same condition. This required us to pick q ij larger than the valence of any vertex in A j˚Bj or A i˚Bi .
This gives us three representations of π 1 pX Γ A ,Γ B Y q in the symmetric groups S qij for pi, jq P tp1, 2q, p2, 3q, p3, 1qu. We can combine these to get a representation into S q12q23q31 and take the cover corresponding to the stabiliser of 1 in this subgroup. We then lift the metric and complete to obtain the branched cover X. This is a non-positively curved cube complex by Lemma 2.11.
The links in the branched cover
Shortly, we will look at the ascending and descending links for a new Morse function. We first compute the link of each vertex in X. The link of a vertex in X is a branched cover of a link in X Γ A ,Γ B .
Recall, there are 8 types of vertex in X Γ A ,Γ B we will examine each type in turn. The vertices which are of the form pa 1 , a 2 , a 3 q or pb 1 , b 2 , b 3 q are disjoint from the branching locus, thus the link of such a vertex lifts to the cover X.
Let v be a vertex on the branching locus Y . Let w be a vertex in X mapping to v. We get a branched covering Lkpw, Xq Ñ Lkpv, X Γ A ,Γ B q. The points at which this map is not a local isometry are the vertices corresponding to Y in Lkpv, X Γ A ,Γ B q. We call these vertices the branch set.
To understand the covering of each link we look at the three projections. We will examine the case of the vertex v " pa 1 , b 2 , a 3 q. Under the projections ρ 2 , ρ 3 , the link of this vertex is a subset of a contractible set and so these representations do not change this link.
There is a deformation retraction from the link of v to the sub graph ∆ spanned by the vertices not in the branch set. In all cases this is a join of two discrete sets. For v this maps isometrically onto the link of pb 2 , a 3 q.
By choice of covering each loop of length 4 in this graph will have a connected preimage. Each vertex in the branch set cones off some subgraph. When we complete the cover we are coning off the lifts of this subgraph.
There is a natural tripartite structure on the link of a vertex in the branched cover coming from lifting the tripartite structure from Lkpv, X Γ A ,Γ B q. This will be useful in proving the hyperbolicity of the branched cover shortly. There is a naturally defined Morse functionf on X by composing the Morse function on X Γ A ,Γ B with the branched covering map. The ascending and descending links off are the preimages of the ascending and descending links of f under the branched covering map.
We now examine these ascending and descending links. We can see the ascending and descending links in X as branched covers of the ascending and descending links in X Γ A ,Γ B over the branch set. Since a neighbourhood of any point not on the branching locus lifts to the branched cover, the ascending and descending links of vertices of the form pa 1 , a 2 , a 3 q and pb 1 , b 2 , b 3 q remain unchanged.
The other links change under this branched covering map. We must show that these branched covers are simply connected. For what follows branch set will be referred to as V . Lemma 3.9. In all the complexes Γ in the Table 2 there is an ordering v 1 , v 2 , . . . on the set V such that Lkpv i , Γq X Ť jăi Stpv j , Γq is connected and covered by loops of length 4.
Proof. For the cases of vertices of type pb 1 , a 2 , b 3 q, pb 1 , b 2 , a 3 q, pa 1 , b 2 , a 3 q and  pa 1 , b 2 , b 3 q this is clear since Lkpv i qXStpv j q " Lkpv i q and Lkpv i q is the suspension of a discrete non-empty set with at least 2 elements.
We provide the proof for the complex SpΛ 1 q˚S 0 , the proof for Sp q˚S 0 being the special case that Λ is a triangle. The key element of the proof is that given a connected bipartite graph there is an ordering on the vertices in one part such that the star of vertex intersects the star of a previous vertex in a non-empty set.
Let W " tw 1 , . . . w n u be the vertices in the middle of edges of Λ 1 . Assume that under this ordering the star of w i intersects the star of w j for some j ă i. The set V is the octahedralisation of W . We claim that the ordering w1 , w1 , w2 , w2 , . . . , wǹ is the desired ordering.
The link of each of the vertices is non-empty. Also the star of each vertex intersects the star of a previous vertex previous vertex. Since we are taking the octahedralisation then we can see that Lkpv i , Γq X Ť jăi Stpv j , Γq is the suspension of a discrete set. This set contains at least two elements so will be connected and can be covered by loops of length 4 as desired.
We are now ready to prove that the ascending and descending links of these vertices will still be simply connected.
We are removing the vertices and then taking a cover. Since the link of each vertex can be covered by 4-cycles which have non-empty intersection we see that there is one preimage of each vertex in the branch set. More over since each of the vertices has the property from Lemma 3.9 we are gluing a sequence of contractible sets along connected subspaces. This will result in a simply connected space.
We now gain the following theorem.
Theorem 3.10. Let X be the cube complex constructed above as a branched cover of X Γ A ,Γ B . Then there is an S 1 valued Morse function f on X such that the ascending and descending links are simply connected or SpL 1 q.
Corollary 3.11. Let L be a simplicial complex with nlcp whose fundamental group is perfect. Let X be the cube complex constructed above with Γ B " SpSpL 1 qq. Then the kernel of f˚is of type F P 2 but not finitely presented.
Proof. By Lemma 2.20 that the finiteness properties of the kernel are controlled by the homotopy of SpL 1 q. Thus if L 1 has non-trivial perfect fundamental group, then the kernel of f˚is of type F P 2 but not finitely presented.
Remark 3.12. If L is simply connected, then the above kernel is finitely presented but not of type F P 3 .
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The cover is hyperbolic
We are now left to prove that the cover is hyperbolic. We appeal to Theorem 2.7. To show that there is no flat plane in the universal cover we use the fly maps from 2.4. The technique is similar to the techniques used in [2, 9, 13] Begin by assuming for a contradiction that i : E 2 Ñ X is an isometric embedding of a flat plane.
Recall the following definition from [2] .
Definition 3.13. Given a CAT(0) cube complex X and an isometric embedding i : E 2 Ñ X, we say that a subset D of X intersects E 2 transversally at a point p if there is an ą 0 such that N ppq X D X ipE 2 q " tpu.
Let Y be the preimage of the branching locus under the branched covering map.
Theorem 3.14. There is a transverse intersection point of ipE 2 q and Y .
Proof. We start by finding at least one point in ipE 2 q X Y . To find such a point, note that there is a cube c in which ipE 2 q has 2-dimensional intersection. This intersection can be seen as the intersection of an affine plane in R 3 with a cube in the standard cubulation. The branching locus in this cube is depicted in Figure 1 . If ipE 2 q does not intersect Y in c, then it intersects c in the link of a vertex v disjoint from the branching locus. By Corollary 2.6 Lkpv, N pE 2is contained in S 0˚S0˚S0 . We can now develop into some of 8 cubes around this vertex. These 8 cubes form together as in Figure 2 , however we note that not all these cubes need exist. Within these 8 cubes there is an intersection with the branching locus.
In one of these 8 cubes ipE 2 q has a single point of intersection with Y . We denote this cube by c. Note that if this point is not a transverse point of intersection, then there is an edge of Y contained in ipE 2 q. Since the intersection with c is that of an affine plane. We can see that if the intersection point is in the interior of an edge, then it is a transverse intersection.
We are now left in the case that the intersection point is a vertex of the cube c. We begin with the case that the intersection point is a vertex which maps to pa 1 , b 2 , a 3 q, pb 1 , a 2 , b 3 q, pa 1 , b 2 , b 3 q or pb 1 , b 2 , a 3 q. The link of any of these vertices is a join of a graph and a discrete set. The vertices in the discrete set correspond to Y . Thus if ipE 2 q contains an edge e of Y at the vertex in question, then there is a cube c 1 sharing a face with c which contains the edge e. This cannot happen as i is an isometric embedding.
Let O be the interior points of edges together with vertices mapping to pa 1 , b 2 , a 3 q, pb 1 , a 2 , b 3 q, pa 1 , b 2 , b 3 q or pb 1 , b 2 , a 3 q. We will show that ipE 2 q has a point of intersection O. This will complete the proof by the above.
We are now reduced to the case of studying planes which contain a full edge of Y and the intersection with c is not contained in O. The remainder of the proof is summarised in Figure 3 .
We begin with the case of an edge between vertices that map to pa 1 , b 2 , a 3 q and pb 1 , b 2 , a 3 q. There is a continuous family of embedded planes in the cube which contain this edge. However, all but one of the planes in this family intersect the cube in a point contained in O, this gives a transverse intersection point. The exceptional plane is the plane containing a square with vertices mapping to pb 1 , a 2 , a 3 q, pa 1 , a 2 , a 3 q, pa 1 , b 2 , a 3 q and pb 1 , b 2 , a 3 q. This intersects the edge with vertices mapping to pb 1 , a 2 , a 3 q and pb 1 , a 2 , b 3 q in the vertex mapping to pb 1 , a 2 , a 3 q.
If this is not a transverse intersection point, then there is an adjacent cube in which ipE 2 q X Y contains an edge of Y with vertices mapping to pb 1 , a 2 , a 3 q and pb 1 , a 2 , b 3 q.
Once again there is a continuous family of flat planes containing this edge and all of them, except one, intersect in a point in O, giving a transverse intersection point.
The exceptional plane is the plane containing a square with vertices mapping to pb 1 , a 2 , a 3 q, pa 1 , a 2 , a 3 q, pb 1 , a 2 , b 3 q and pa 1 , a 2 , b 3 q. This intersects the edge with vertices mapping to pa 1 , a 2 , b 3 q and pa 1 , b 2 , b 3 q in the vertex mapping to pa 1 , a 2 , b 3 q. If this is not a transverse intersection point, then there is an adjacent cube in which ipE 2 q X Y contains an edge of Y with vertices mapping to pa 1 , a 2 , b 3 q and pa 1 , b 2 , b 3 q.
There is a continuous family of flat planes in this cube which contain an edge with vertices mapping to pa 1 , a 2 , b 3 q and pa 1 , b 2 , b 3 q. All of these flat planes will intersect in the cube in a point in O. This gives us a transverse point of intersection.
Lemma 3.15. There cannot be a transverse intersection of ipE 2 q and the preimage of the branching locus.
Proof. Assume that there is a transverse intersection point p. By Corollary 2.6 there is an inclusion of Lkpp, Xq Ñ S 0˚S0˚S0 . However, this would give a loop of length 4 in the transverse direction which contradicts the choice of branched cover cf. Remark 3.8.
Combining Lemma 3.15 and Theorem 3.14 we reach our desired contradiction. Together with Theorem 2.7 we arrive at the following. Putting all of this together we have the following theorem.
Theorem A. There exists a hyperbolic group G such that G " H¸Z and H is of type F P 2 but not finitely presented.
Proof. The fundamental group of X is hyperbolic by Theorem 3.16. Also by Corollary 3.11, this hyperbolic group has a subgroup which is of type F P 2 but not finitely presented.
4 Uncountably many groups of type F P 2 which do not contain Z
2
We begin by defining an invariant similar to that of [12] .
Definition 4.1. Let T be a set of words in x 1 , . . . , x n . Let G be a group and S " pg 1 , . . . , g n q an n-tuple of elements in G. Define RpG, S, T q " tr P T | rpSq " 1 in Gu.
Proposition 4.2. For a fixed set T and fixed countable G. The invariant RpG, S, T q can only take countably many values.
Proof. There are only countably many n-tuples of group elements. Thus once G and T are fixed, we only have countably many possibilities. Now, set L to be a complex with nlcp such that π 1 pLq " A 5 .
We apply the proof of the preceding section to obtain a non-positively cube complex X such that π 1 pXq is hyperbolic and contains a subgroup H of type F P 2 which is not finitely presented.
LetX be the universal cover of X andX be the cover of X corresponding to the subgroup H.
The Morse function on X gives a real valued Morse function onX. All of the ascending and descending links are connected. Hence the inclusion ofX 1 2 ÑX gives a surjection on the level of fundamental groups. SinceX 1 2 is a compact space we see that its fundamental group is finitely presented. Let P " xS | Ry be a presentation for π 1 pX 1 2 q, as stated S is also a generating set for H. All the vertices ofX map to integers thusX 1 2 contains no vertices ofX. Let V be the set of vertices inX. Proof. Let U be the universal cover ofX V . Let v P V be a vertex of X. SinceX is a locally CAT(0) cube complex we can see that N pvq tvu deformation retracts onto Lkpv,Xq. Thus in the case that Lkpv,Xq is simply connected, the neighbourhood lifts to U . We are now concerned with the case where Lkpv,Xq " SpSpL 1 qq. In this case we see that the cover of Lkpv,Xq is a copy of Č SpSpL 1which by [12] is equal to Sp Č SpL 1 qq. We can complete U to a CAT(0) cube complex which inherits a height function fromX. The ascending and descending links of this height function are all simply connected. Thus, the Adding the vertices in V back toX adds relations. Each time we add a vertex with link SpSpL 1we are adding a new relation. Since A 5 is normally generated by one relation we can assume that we add one relation for each such vertex, namely, the relation obtained by coning off a normal generator of A 5 in SpSpL 1 qq. We now have a presentation for π 1 pXq of the form xS | R Y T y, where relations in T are in one to one correspondence with vertices inX with link SpSpL 1 qq, Let Y be the collection of these vertices. Given a subset Z Ă Y , let T Z be the subset of T given by the relations corresponding to those vertices in Z. Let HpZq be the group given by the presentation xS | A Y T Z y. Proof. By definition of HpZq we can see that T Z Ă RpHpZq, S, T q.
To prove the other direction we will show that for all t P T , we have that t R xxT ttuyy.
The relation t corresponds to a vertex v inX. Since the loop representing t is trivial and normally generates π 1 pSpSpL 1we see that a small neighbourhood of v lifts to the universal cover U . We can complete this cover by adding in the missing vertices, let w be one of these vertices. Since this cover is CAT(0) we see that U retracts onto Lkpw, U q " SpSpL 1and thus t is non-trivial. This gives us the required contradiction. Proof. The group HpZq is the fundamental group ofX W where W is the set of vertices not corresponding to elements of Z. Taking the universal cover of this space and completing we obtain a CAT(0) cube complex Č XpZq upon which HpZq acts. The Morse function lifts to this space. The ascending and descending links of this Morse function are simply connected, SpL 1 q or Č SpL 1 q. We can now apply Theorem2.18 to see that HpZq is of type F P 2 . Proposition 4.6. The groups HpZq do not contain any copies of Z 2 .
Proof. The action of HpZq on Č XpZq is proper. The action is free away from the vertices with link Č SpSpL 1at these vertices the group acts like A 5 and thus the action is proper. We can now appeal to the Flat Torus Theorem [4] to see that were there a copy of Z 2 in H, then there would be an isometrically embedded flat plane in Č XpZq. Applying the proof of Theorem 3.16 we can see that no flat plane exists.
Theorem B. There are uncountably many groups of type F P 2 none of which contains a Baumslag-Solitar group.
Proof. Since T is infinite there are uncountably many subsets T Z . By Propositions 4.2 and 4.4 we see that there are uncountably many groups in this family.
All of these groups are of type F P 2 by Proposition 4.5. They also do not contain a copy of Z 2 by Proposition 4.6.
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